A binary self-orthogonal code is called semi self-dual if it contains the all-ones vector and is of codimension 2 in its dual code. We prove upper bounds on the dual distance of semi self-dual codes. As an application we get the following: let C be an extremal self-dual binary linear code of length 24m and σ ∈ Aut(C) be a fixed point free automorphism of order 2. If m is odd or if m = 2k with 5k−1 k−1 odd then C is a free F2 σ -module.
Introduction
If n = 24µ for some integer µ and D is doubly-even or [24, 13, 4] . So the bound is reached for n ≡ 0 mod 24 in the doubly-even case.
The research in this paper is part of the PhD thesis [4] of the first author. It is motivated by the study of automorphisms of order 2 of extremal self-dual codes of length a multiple of 24.
Let m ∈ N and
be an extremal binary self-dual code, so d(C) = 4m + 4. Then C is doubly even ( [10] ). There are unique extremal selfdual codes of length 24 and 48 and these are the only known extremal codes of length 24m. It is an intensively studied open question raised in [11] , whether an extremal code of length 72 exists. A series of many papers has shown that if such a code exists, then its automorphism group Aut(C) = {σ ∈ S 24m | σ(C) = C} has order ≤ 5 (see [4] for an exposition of this result). Stefka Bouyuklieva [6] studies automorphisms of order 2 of such codes. She shows that if C is an extremal code of length 24m, m ≥ 2 and σ ∈ Aut(C) has order 2, then the permutation σ has no fixed points, with one exception, m = 5, where there might be 24 fixed points. If σ = (1, 2) . . . , (24m − 1, 24m) is a fixed point free automorphism of a doubly even self dual code C, then its fixed code C(σ) := {c ∈ C | σ(c) = c} is isomorphic to
and such that
As C is doubly-even, all words in π(C(σ)) have even weight. It is shown in [9] and [5] that the code C is a free
be an extremal code of length 24m and σ ∈ Aut(C) be a fixed point free automorphism of order 2. Then C is a free 
Self-dual subcodes
From now on let D be a semi self-dual code of even length n ≥ 4. Furthermore, let µ = n 24 . Remark 2.1. There are exactly three self-dual codes
We aim to find a better bound.
3 Shadows: the doubly-even case 
Since we have the bound (1), the maximum for min{d(
which yields the proposition since d(D ⊥ ) is even.
4 Weight enumerators: the non doubly-even case.
In this section we assume that D is not doubly-even. We will use the following notation:
is the weight enumerator of D ⊥ ;
y , where
The polynomial B(x, y) is anti-invariant under the MacWilliams transformation H : (x, y) → 1/ √ 2(x + y, x − y) and invariant under the transformation
and we can write
and, consequently,
Notice that (3) implies that the degrees of the monomials of F (x, y) are congruent to N − 2 (mod 4). Since
it is easy to see that F (x, y) is the weight enumerator of the following set
So the coefficients of F (x, y) are non-negative integers. Then we get the following. Proof. We have
with ǫ i := (−1)
4 ⌋. Note that r is the remainder of the division of N − 2 by 4.
Then there are coefficients γ h,k such that
h Since g(0) = 0 and g ′ (0) = 0, we can apply Bürmann-Lagrange theorem (see [10, Lemma 8] ) to obtain
In particular
is a non-negative integer for all h. Proof. We have that
As before we find coefficients α i (N ) such that
Then, for i < d,
Since g(0) = 0 and g ′ (0) = 0, we can apply Bürmann-Lagrange theorem, in the version of [10, Lemma 8] , to compute Write N = 12µ + ρ with 0 ≤ ρ ≤ 7 and assume that d > 2µ + 1. Then α 2µ+1 > 0 because 6(2µ+ 1)+ 2 − (12µ+ ρ) = 8 − ρ > 0 which is a contradiction. We conclude that d ≤ 2µ + 1 for ρ = 0, 1, 2, 3, 5, 6, 7.
We aim to find an analogous result to Proposition 3.1 for semi self-dual codes of length 24µ. So we need to find the bound dd(D) ≤ 4µ also for not doubly even semi-self dual codes D of length 24µ. For certain values of µ, we may show that some coefficient of F (x, y) is not integral. On the other hand, assuming that d(D ⊥ ) ≥ 4µ + 2, we have α 2µ (12µ) = 2e 2µ = 2 2 ǫ 2µ .
As ǫ 2µ is a non-negative integer, we get that 
